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APPENDIX D 
 

RELIABILITY ANALYSIS OF A SIMPLE SLOPE 
 
D-1.  Introduction. 
 

a. The reliability analysis of a simple slope stability problem is presented and is 
intended to demonstrate the methodology of geotechnical reliability analysis using the Corps 
of Engineers reliability index method of analysis.  The guidance for performing geotechnical 
reliability analysis is given in ETL 1110-2-547.   
 

b.  When performing reliability analyses, the same methods of analysis are used as are 
used in traditional geotechnical engineering.  The only difference is in how the variables in 
the problem are represented.  
 

c.   In reliability analysis there are two types of variables: deterministic and random 
variables.   
 

(1) Deterministic variables are represented by a single value because the value of that 
variable is known exactly.  A deterministic variable could be the unit weight of water or 
measured dimensions.  
 

(2) Random variables are represented by a probability density function, which defines 
the relative likelihood that the random variable assumes various ranges of values.  Random 
variables could be shear strength, permeability, and earth pressure.   
 

d.  A probability density function is a plot of the value of the random variable on the x-
axis and the likelihood of occurrence of that value on the y-axis.  An important property of a 
probability density function is that the area under the curve is equal to one.   
 

e.  The field of statistics has defined the first four characteristics or moments of each 
probability density function as the mean (expected value), the variance, the coefficient of 
skewness, and the coefficient of kurtosis.  The Corps of Engineers reliability index method of 
analysis uses what is called a first order second moment method of reliability analysis.  This 
means that only the first term of the Taylor series expansion about the mean value (first 
order) is used and the first two moments (mean and variance) are used to represent the 
probability density function in the reliability analysis.  This first order second moment 
method of analysis greatly simplifies the reliability analysis procedure. 
 
D-2.  Reliability Analysis Terms and Basic Equations. 
 

a.  The first two moments of the probability density function are the mean and 
variance.  In engineering terms, the mean is the centroid of the probability density function 
and the variance is the central moment of inertia. 
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b.  The mean µx is represented by Equation 1: 
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where xi is a data point and N is the number of data points.   
 

c.  In reliability analysis the mean is also referred to as the expected value E(x).   
 

d.  The variance Var[x] is represented by Equation 2: 
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e.  The standard deviation σx is represented by Equation 3: 

 

)(xVarx =σ             (3) 

 
f.  Inversely, Var(x) is equal to the square of the standard deviation of x.  The variance 

and standard deviation are measures of the dispersion or variability of the random variable.  
The larger the standard deviation the larger the range of values the random variable may 
assume.  The smaller the standard deviation the smaller the range of values the random 
variable may assume.  As the value of the standard deviation gets smaller and smaller the 
random variable will approach a constant or a deterministic variable in the limit.    
 

g.  The expected value of x will be used to represent the first moment, and the standard 
deviation of x will be used to represent the second moment of the random variable.  
 

h.  The coefficient of variation Vx is represented by Equation 4: 
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i.  As some of the variables in a geotechnical analysis are represented as random 

variables, i.e., a probability density function, it only stands to reason that the results of the 
analysis will be a probability density function.  The results of many geotechnical analyses are 
expressed in terms of factors of safety (FS).  In traditional geotechnical analyses, the FS is a 
single number.  In reliability analyses, the FS is a random variable represented by a 
distribution (probability density function), not a single number.   
 

j.  The Corps of Engineers has chosen to represent the probability density function of 
the FS as a lognormal probability density function (see Figure D-1).  The lognormal 
probability density function is shown at the bottom of Figure D-1.  The transformed normal 
probability density function is shown at the top of Figure D-1.  The lognormal probability 
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density function is transformed to the normal probability density function by taking the 
natural log of  the factor of safety.  One reason for choosing the probability density function 
of the FS as a lognormal probability density function is that a lognormal function can never 
have a value less than zero.  Thus, the FS will not have negative values.  Another reason is 
that when one takes the natural log of the FS, the distribution of the FS becomes a normal 
distribution.  A third reason is that a probability density function resulting from the product 
of many variables is lognormally distributed.  In geotechnical analyses typically many 
numbers are multiplied together.  For the lognormal distribution of the FS shown in Figure 
D-1, the hatched area under the curve and to the left of a FS = 1 gives the probability that the 
FS is less than one or the probability that the performance of the slope stability problem will 
not be satisfactory.  P(u) is defined as the probability of unsatisfactory performance, i.e., the 
probability that the FS is less than 1.  When the lognormal distribution is transformed to the 
normal distribution by taking the natural log of the FS it is noted that the ln(1) = 0.  Thus the 
P(u) is represented by the hatched area under the normal distribution curve to the left of zero.   
 

k.  On the normal distribution curve in Figure D-1 the distance between zero and 
E[ln(FS)] is defined as βσln(FS).  Beta (β) is the reliability index.  The reliability index is a 
measure of the distance that the expected value of the FS is away from unsatisfactory 
performance.  The larger the value of β, the more reliable the slope is.  The smaller the value 
of β, the closer the slope condition is to unsatisfactory performance.  Calculated values of β 
greater than three represent a stable slope whereas values of β less than 2 represent a poor 
performing slope.  Values of β less than 1.5 represent unsatisfactory performance.   
 

l.  The reliability index β is represented by Equation 5: 
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m.  Once β is calculated, the probability of unsatisfactory performance can be 

calculated from Equation 6: 
 

)()( β−Φ=uP             (6) 
 
where Φ(-β) is obtained from a standard normal probability density function N(0,1).  A 
standard normal probability density function has a mean of zero and a standard distribution 
of one.  Table D-1 gives the area under the standard normal probability density function for 
values of x where x is given by Equation 7: 
 

β−=x              (7) 
 

n.  For values of x to one decimal point the area under the standard normal probability 
distribution to the left of the x line (the shaded area) can be read from the table to the right of 
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the x value in the first column.  The second decimal of x is given across the top of the table.  
For example, the area under the standard normal probability distribution function to the left 
of x for a value of x = 1.55 is 0.9394.  Note this area represents the probability of 
unsatisfactory performance for a beta of -1.55. 
 

o.  The reliability is the probability that the embankment slope will not experience 
unsatisfactory performance or that the slope will perform in a stable or reliable manner.  The 
reliability R is represented by Equation 8: 
 

)(1 uPR −=               (8) 
 
D-3.  Taylor Series Method of Reliability Analysis. 
 

a.  The Taylor series method of reliability analysis will be used to compute the 
reliability index.  This method is based on a Taylor series expansion of the performance 
function about some point.  For this analysis the expansion is performed about the expected 
values of the random variables.  Since this is a first order method, only the first order (linear) 
terms of the Taylor series expansion are retained.  Equation 9 is obtained from the Taylor 
series expansion using the assumption that the first derivatives (slopes) are calculated at the 
expected value using an interval of plus or minus one standard deviation of the random 
variable.  
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b.  Equation 9 gives the variance of the factor of safety (Var(FS)) where x is the 

random variable and there are n random variables.  The Taylor series method of reliability 
analysis requires 2n+1 geotechnical analyses (slope stability analyses) to be performed.  A 
benefit of using the Taylor series method of analyses is that the relative contribution of each 
random variable to the total uncertainty can be determined.    
 
D-4.  Determining Expected Values and Standard Deviation. 
 

a.  The advantage of using a first order second moment method of reliability analysis is 
that the probability density function of each random variable can be represented by only two 
values, the expected value and the standard deviation.  The expected value of a random 
variable is fairly easy to obtain.  There are a number of sources from which the expected 
values of soil properties can be estimated or obtained: testing (laboratory or in-situ), other 
projects in the area, back calculation of the value, experience, manuals and tables, or 
correlation with soil index properties.   
 

b.  Obtaining the expected value is the easy part, that is, using laboratory data, 
historical data, estimates based on field exploration and experience.  But geotechnical 
engineers generally do not have a feel for the value of the standard deviation of soil 
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properties.  The standard deviation of soil properties is more difficult to obtain but there are 
three methods to obtain it.   
 

(1) Data.  If there is a substantial amount of test data for the soil properties, the 
expected value and the standard deviation can be calculated using Equations 1, 2, and 3.  
This is the best method to use.  But a substantial amount of test data may not exist. 
 

(2) Coefficient of Variation Tables.  In the absence of test data values of coefficients of 
variation for soil properties can be found in the literature.  Table D-2 gives coefficients of 
variation found in the literature or calculated from those values and the reference.  From the 
expected value and the coefficient of variation, the standard deviation can be calculated from 
Equation 4.   
 

(3) Six Sigma Rule.  For random variables for which a coefficient of variation cannot 
be found in the literature, the six-sigma rule can be used.  The six-sigma rule makes use of 
the experience of geotechnical engineers.   The six-sigma rule is given by Equation 10. 
 

6
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(a)  The six sigma rule is often called the three-sigma rule because it determines the 

value of the parameter at plus and minus three standard deviations from the mean or expected 
value.  See Appendix C for more details on the six sigma rule. 
 

(b) By examining the normal probability density function in Figure D-2, the 
justification for the six sigma rule can be demonstrated.  Figure D-2 shows a normal 
probability density function with the percentage of the area under the curve for the mean plus 
or minus one standard deviation, two standard deviations, and three standard deviations (six 
sigma).  For the mean plus or minus three standard deviations, 99.73% of the area under the 
normal distribution is included.  So for a range of six sigma (the highest possible value to the 
lowest possible value), essentially all the values represented by the normal distribution curve 
are included, thus the name the six sigma rule.  The shear strength of sand (φ) can be used to 
demonstrate the six sigma rule.  The highest possible value of φ for a sand is 45°.  The lowest 
possible value of φ is 25°.  Applying the six sigma rule results in the following: 
 
σ = (45°-25°)/6 = 3.33° 
 

(c)  For a sand with an expected value for φ of 35°, using the coefficient of variation 
Table D-2, sigma is calculated using Equation 4 as 
 
σ = 0.10(35°) = 3.5° 
 
where 10% for the coefficient of variation (Vx) comes from Table D-2.  The value of sigma 
of 3.33 from the six sigma rule compares well with the value of sigma of 3.5 from the 
coefficient of variation method. 



ETL 1110-2-561 
30 Jul 05 
 

 D-6 

D-5.  Example Problem – Infinite Slope Reliability Analysis. 
 

a.  A simple slope stability problem can be examined to see how the reliability analysis 
presented above is performed.  A simple embankment is shown in Figure D- 3.  The 
embankment is constructed of sand.  The embankment slope is shown as approximately 1 
vertical on 1.5 horizontal.  The goal is to determine how stable this slope is, that is, the 
probability of unsatisfactory performance of the embankment.  As was stated before, the 
same methods of analysis will be used for the reliability analysis as are used in a traditional 
geotechnical slope stability analysis.  There are several methods of analysis that can be used:  
force equilibrium slope stability computer programs, slope stability chart solutions, and the 
infinite slope equation.  To simplify the reliability analysis, the infinite slope equation given 
by Equation 11 will be used. 
 

φtanbFS =            (11) 
 
where FS is the factor of safety, b defines the slope of the embankment when the slope is 1 
vertical on b horizontal, and φ is the angle of internal friction of the sand.  There are two 
random variables in this reliability analysis, φ and b.  The expected value and the standard 
deviation need to be determined for each random variable.  Based on previous work at this 
site the expected value of the angle of internal friction of the sand (E[φ]) is 38°.  The 
standard deviation can be obtained from Equation 4 and Table D- 2.  From Table D-2 the 
coefficient of variation of the angle of internal friction for sand is 10%.  The standard 
deviation is calculated as 
 
σφ = 0.1 x 38° = 3.8° 
 

b.  The expected value of b (E[b]) is 1.5.  The six-sigma rule will be used to determine 
the standard deviation of b.  From looking at this embankment the geotechnical engineer has 
determined that the embankment slope varies between a maximum value of b = 1.625 and a 
minimum value of b = 1.375.  The standard deviation of b (σb) is calculated as follows using 
Equation 10 
 
σb = (1.625 – 1.375)/6 = 0.042 
 

c.  Since a first order second moment method of analysis is being used, the two random 
variables are defined as follows: 
 
Sand  E[φ] = 38°   σφ = 3.8° 
Slope  E[b] = 1.5   σb = 0.042 
 

d.  The Taylor series method of reliability analysis will be used.  Since there are two 
random variables, 2n+1 calculations will need to be accomplished. 
 
2n+1 = 2 x 2 + 1 = 5 
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e.  The first calculation will be to determine the expected value of the factor of safety 
(E[FS]).  Using the infinite slope equation (11), we get the following 
 
E[FS] = E[b]tan(E[φ]) = 1.5 tan 38 = 1.17 
 

f.  Next determine the expected values of the random variables at plus and minus one 
standard deviation. 
 
E[φ]+σφ = 38 + 3.8 = 41.8 
 
E[φ]-σφ = 38 - 3.8 = 34.2 
 
E[b]+σb = 1.5 + 0.042 = 1.542 
 
E[b]-σb = 1.5 - 0.042 = 1.458 
 

g.  Using these values, the infinite slope equation is used to calculate the factor of 
safety for φ plus and minus one standard deviation while holding b constant and for b plus 
and minus one standard deviation while holding φ constant.   
 
FSφ+σ = 1.5 tan(41.8) = 1.34 
 
FSφ-σ = 1.5 tan(34.2) = 1.02 
 
FSb+σ = 1.542 tan(38) = 1.20 
 
FSb-σ = 1.458 tan(38) = 1.14 
 

h.  The results of these calculations are presented in Table D- 3. 
 
Table D-3.  Summary of Taylor Series Method Reliability Calculations 

Random 
Variable 

φ B FS Var(FS) Percent  Remarks 

E[φ], E[b] 38 1.5 1.17    

E[φ]+σφ, E[b]  41.8 1.5 1.34 

E[φ]-σφ, E[b] 34.2 1.5 1.02 

 
0.026 

 
96.7 

Variable that 
controls 
analysis 

E[φ], E[b]+σb 38 1.542 1.20 

E[φ], E[b]-σb 38 1.458 1.14 

 
0.0009 

 
3.3 

Little effect on 
analysis 

   ∑ 0.0269 100  
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i.  Instead of using the infinite slope equation to calculate the factor of safety in each of 
the above five slope stability analyses, other methods of slope stability analysis could have 
been used: force equilibrium slope stability computer programs or slope stability chart 
solutions.  No matter what method of analysis is used the end result is that 2n+1 factors of 
safety are calculated.  
 

j.  The next step in the reliability analysis is to use Equation 9 to calculate the variance 
of the factor of safety (Var(FS)) for each random variable.  The variance of the factor of 
safety for the random variable φ is calculated using the factor of safety for φ plus one 
standard deviation minus the factor of safety for φ minus one standard deviation divided by 
two and the quantity squared. 
 
Var(FS)φ = [(1.34 - 1.02)/2]2 = 0.026 
 

k.  The variance of the factor of safety for the random variable b is calculated in the 
same manner. 
 
Var(FS)b = [(1.20 - 1.14)/2]2 = 0.0009 
 
 l.  The variance of the factor of safety (Var(FS)) is the sum of the variances for the 
factors of safety of all random variables. 
 
Var(FS) = 0.026 + 0.0009 = 0.0269 
 
 m.  One big advantage of using the Taylor series method of analysis is that the random 
variable that controls the reliability analysis can easily be determined.  The variance of the 
factor of safety for each random variable divided by the sum of all the variances gives the 
percent that that random variable effects the analysis.  In Table D- 3 under the column 
labeled "percent" we see that the random variable φ controls 96.7% of the analysis and that 
the random variable b controls 3.3% of the analysis.  This indicates that a similar result 
would have been obtained if b had been chosen to be a deterministic variable. 
 
 n.  Using Equation 3 the standard deviation of the factor of safety can be calculated 
from the variance of the factor of safety as follows: 
 
σFS = (0.0269)0.5  = 0.16 
 
 o.  The coefficient of variation of the factor of safety (VFS) can then be calculated from 
the expected value of the factor of safety (E[FS]) and the standard deviation of the factor of 
safety (σFS) as follows using Equation 4. 
 
VFS = 0.16/1.17 = 0.14 
 

p.  Using the values of the expected value of the factor of safety and the coefficient of 
variation of the factor of safety, the value of βlognormal can be calculated using Equation 5. 
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For the embankment shown in Figure D-3 the stability of the slope is calculated to have a 
value of beta equal to 1.06.   
 

q.  The probability of unsatisfactory performance can be calculated using Equations 6 
and 7 and Table D-1 as follows.  Table D-1 gives the area under the standard normal 
distribution curve for a value of x.  In this case x = -1.06 (from Equation 7).  The area under 
the curve in Table D-1 for x = -1.06 is 0.1446.  This area is the probability of unsatisfactory 
performance. 
 
P(u) = Φ(-β) = Φ(-1.06) = 0.1446 
 
which is rounded to two significant decimal places to 
 
P(u) = 0.14 
 
Note that previously it was indicated that values of beta less that 1.5 represent unsatisfactory 
performance.  
  
 r.  One way to comprehend or communicate 14% probability of unsatisfactory 
performance is the concept that of 100 embankments constructed exactly like this one, 14 of 
them would have unsatisfactory performance.  This probability of unsatisfactory performance 
is then used with the other parameters from the event tree to calculate risk. 
 
D-6.  When the FS is Greater Than 1.  
 

a.  When unsatisfactory performance is associated with FS>1, the associated 
probability cannot be determined from the reliability index β. A more general index can be 
derived from the definition of the normalized parameter z, 
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b.  The probability of unsatisfactory performance is P(u) = P(FS<FSu)= β(-z). Using 

the relationships between the mean and variance of the factor of safety and the parameters for 
the log normal distribution as given by 
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z(FSu) is found to be 
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 c.  Consider a case where experience show that excessive deformation occurs when 
FS<1.1. Using the data from the previous example  

 
The probability of unsatisfactory performance is therefore 
 
P(FS<FSu) =  Φ(-0.37) = 0.36 
 

d.  Note that this probability includes both unsatisfactory performance by slope failure 
and unsatisfactory performance by excessive deformation.  If these two risks imply different 
consequences, the probabilities would have to be separated.  In this case the probabilities of 
unsatisfactory performance by failure is a subset of unsatisfactory performance by excessive 
deformation.  Therefore, the probability for slope failure is 0.14 while the probability for 
unsatisfactory performance by excessive deformation excluding slope failure is  
0.36-0.14=0.22. 
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Lognormal Probability Density Function of Factor of Safety 

Transformed Probability Density Function of Factor of Safety 

Figure D-1 
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95.45%
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NORMAL DENSITY FUNCTION
FIGURE 2

1

b

EMBANKMENT
FIGURE 3

 

Normal Density Function 

Embankment 
    Figure D - 3 

Figure D - 2 
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Table D-1.  Area Under the Standard Normal Probability Density Function 
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Table D-2 
COEFFICIENT OF VARIATION 

 
      Coefficient of 
Parameter     Variation (%)      Reference 
 
Unit Weight      3   Harr (1987) 
 
Coefficient of Permeability (k)  90   Harr (1987) 
 
Angle of Internal Friction (Sand) (φ) 10   LD25 Rehab Report (1992) 
 
Cohesion (Undrained shear strength) (c) 40   Harr (1987) 
 
Wall Friction Angle (δ)    20   S&W Report (1994) 
Wall Friction Angle (δ)    25   ETL 1110-2-354 
 
Earth Pressure Coefficient Sand (K) 15   Calculated 
 
Downdrag Coefficient Sand (Kv)  25   Calculated 
 
Standard Penetration Test   26   Harr (1987) 
 
Standard Cone Test    37   Harr (1987) 
 
Lag Factor      20   Clough (1966) 
(Silt and Sand Levees) 
 
Dead Load      10   Harr (1987) 
 
Live Load      25   Harr (1987) 
 
Wind Load      37   Harr (1987) 
 
Impact Load     30   ETL 1110-2-354 
 
Hawser Pull Load    20   ETL 1110-2-354 
 
Seismic Force      30   ETL 1110-2-354 
 
Constant of Horizontal    25   ETL 1110-2-354 
Subgrade Reaction (nh) 
 
Group Reduction Factor (Rg)    8   ETL 1110-2-354 
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Table D-2 

COEFFICIENT OF VARIATION 
 
      Coefficient of 
Parameter     Variation (%)          Reference 
 
Cyclic Reduction Factor (Rc)   25   ETL 1110-2-354 
 
Timber Piles, Sand Foundation 
 Ultimate Compression Capacity 25    
  φ = 35°    22   Calculated 
  φ = 40°    38   Calculated  
 Ultimate Tension Capacity  18   Calculated 
 Pile Diameter     8   Historic Data 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
             
 
 
 
 
 
 


